An algorithm for optimizing beam orientations and beam weights for conformal radiotherapy has been developed. The algorithm models the optimization of beam orientations and beam weights as a problem of mixed integer linear programming (MILP), and optimizes the beam orientations and beam weights simultaneously. The application process of the algorithm has four steps: (a) prepare a pool of beam orientation candidates with the consideration of avoiding any patient-gantry collision and avoiding direct irradiation of organs at risk with quite low tolerances (e.g., eyes). (b) Represent each beam orientation candidate with a binary variable, and each beam weight with a continuous variable. (c) Set up an optimization problem according to dose prescriptions and the maximum allowed number of beam orientations. (d) Solve the optimization problem with a ready-to-use MILP solver. After optimization, the candidates with unity binary variables remain in the final beam configuration. The performance of the algorithm was tested with clinical cases. Compared with standard treatment plans, the beam-orientation-optimized plans had better dose distributions in terms of target coverage and avoidance of critical structures. The optimization processes took less than 1 h on a PC with a Pentium IV 2.4 GHz processor.
Introduction
The goal of radiotherapy is to deliver a required dose to the planning target volume (PTV) while minimizing the doses to adjacent organs at risk (OARs) and other normal tissues. With beam apertures conformed to the PTV, three-dimensional conformal radiation therapy (CRT) is an effective and efficient technique for achieving this goal in most cases. During the CRT planning procedure, one important step is to select appropriate beam orientations. In current clinical practice, this step is manually completed by a planner according to his (her) experience. Working in this way may take much time and result in an acceptable, but not necessarily optimal, configuration of beam orientations, especially when multiple non-coplanar beams are considered.
Some heuristic algorithms for the selection of beam orientations have been developed for conformal radiotherapy, which include the use of beam's eye view volumetrics as planning aids (Myrianthopoulos et al 1992 , Cho et al 1999 , choosing a beam with minimal attenuation through the patient (Gokhale et al 1994) and separating beam orientations maximally (Webb 1995 , Sailer et al 1994 , Das and Marks 1997 . It has been shown that the solution space of the problem of optimizing beam orientations is non-convex, and has a large number of local optima (Bortfeld and Schlegel 1993, Ezzell 1996) . The solution produced by a heuristic algorithm may just be a local optimum. To avoid trapping in a local optimum, stochastic search techniques such as simulated annealing and genetic algorithm have been used to find the global optimum (Bortfeld and Schlegel 1993 , Ezzell 1996 , Haas et al 1998 , Rowbottom et al 1999 , 2001 , Pugachev et al 2000 , Pugachev and Xing 2002 . One disadvantage of these stochastic searching techniques is that the search procedure may take a long time.
In this paper we propose a novel algorithm for optimizing beam orientations and beam weights. It models the optimization problem as a problem of mixed integer linear programming (MILP). Every possible beam orientation is represented by a binary variable while each beam weight is represented by a continuous variable. Through optimization, only those beam orientations with unity binary variables remain in the final beam configuration. The details of the algorithm are described in section 2 and the results of the test of its performance are described in section 3.
Methods

Formulation of the problem
When designing a treatment plan for conformal radiotherapy, one needs to determine beam orientations, beam weights, wedge angles and wedge orientations. Because determination of beam orientations is coupled with determination of beam weights, wedge angles and orientations, optimization of beam orientations should be performed with optimization of beam weights, wedge angles and wedge orientations at the same time. The problem of optimizing beam orientations is actually a problem of optimizing beam orientations, beam weights, wedge angles and wedge orientations. Several algorithms have been developed to optimize beam weights, wedge angles and orientations (Xing et al 1998 , Li et al 1999 , Dai et al 2000 when the beam orientations are predetermined. Here we adopt the algorithm developed by Dai et al that is based on the concept of super-omni wedge, which uses two orthogonal pairs of nominal wedged beams to deliver a wedged dose distribution. In each pair of nominal wedged beams, the wedge orientations are opposite. When the weights of all four nominal wedged beams are equal, the combined dose distribution will be similar to that of an open beam. Otherwise, the combined dose distribution will be a wedged one. The nominal wedge can be a 60
• physical or virtual wedge. Here we use a virtual one. By using this algorithm, we simplify the problem of optimizing beam orientations, beam weights, wedge angles and orientations to the problem of optimizing beam orientations and beam weights.
The problem of optimizing beam orientations and beam weights can be viewed as a process of finding a small set of beam orientations out of a pool of all feasible ones, and determining the corresponding beam weights. The selected set of beam orientations and the determined beam weights best meet clinical dose prescriptions. When a beam orientation is represented by a binary variable, the optimization problem is subject to the following constraint:
where b i is a binary variable, whose value determines whether its corresponding beam will remain in the final beam configuration; N is the total number of feasible beam orientations, i.e., all feasible combinations of gantry angle and couch angle and n is the maximum allowed number of beam orientations. Besides the constraint in equation (1), the optimization problem is also subject to other constraints that represent clinical dose requirements including target dose uniformity and dose limits to OARs.
The target dose uniformity can be expressed by a constraint of the optimization problem as follows:
where L and U are the percentage upper and lower limits of target dose variation, respectively; PD T is the prescribed target dose; D T,j is the total dose delivered to the jth constraint point in the target volume and M T is the total number of constraint points in the target volume. D T,j can be expressed by the following equations:
where d T, ij represents the dose delivered to the jth constraint point and w i is a continuous variable representing the weight of the ith beam. The value of w i is in the range of zero and a large number representing the upper limit of beam weights. This means the optimization problem has the following constraints:
where W L is the upper limit of beam weights. In this study, W L is set to 1.
Substituting (3) into (2), we obtain the following equations:
A dose limit to an OAR can be expressed by a constraint of the optimization problem as follows:
where D k j is the total dose delivered to the jth constraint point in the kth OAR; DL k is the dose limit to the kth OAR; M k is the total number of constraint points in the kth OAR and K is the total number of OARs.
Subject to the above constraints, the optimization problem may have an objective function of minimizing the weighted summation of the average doses of all OARs
where P k is the penalty factor of the kth OAR.
Equations (1) and (4)- (7) formulate a complete optimization problem. Because the product b i w i appears in the equations, the optimization problem is a problem of mixed integer non-linear programming (MINLP). Currently, techniques to solve MINLP problems are still under active investigations. It is difficult, even impossible, for an MINLP solver to find the global optimum of a problem with several hundreds of integer variables within an acceptable time. In contrast, techniques to solve problems of mixed integer linear programming (MILP) have been well developed. MILP solvers may find the global optimum for a problem with several hundreds of integer variables within a few minutes or tens of minutes. Such MILP solvers have been used to optimize beam weights (Langer et al 1989 , Bednarz et al 2002 . Therefore, the problem of optimizing beam orientations and beam weights will be much easier to solve if it can be transformed from an MINLP one to an MILP one. To achieve this goal, we convert the problem formulated by (1) and (4)- (7) to a problem formulated as follows:
It can be seen that the problem formulated by (8)- (12) is equivalent to that formulated by (1) and (4)- (7). If a binary variable b i is zero, the corresponding beam weight w i can only be zero according to (12); consequently, the terms in (8)-(10) for the ith beam will be zero, and so are the terms in (5)-(7). In contrast, if a binary variable b i is equal to 1, (12) will become (4), and (5)-(7) will become (8)-(10).
Solution of the problem
Since there are many ready-to-use solvers for MILP problems, we only need to prepare data files in order to solve the above MILP problem. We use a solver named GLPK (GNU Linear Programming Kit, source code available free at http://www.gnu.org/ software/glpk/glpk.html). It implements a branch-and-bound method with revised simplex algorithm, and can accept data files in the format of MPS (a standard mathematical programming system) or GLPK/L modelling language. We prepare the data files using two tools: a three-dimensional treatment planning system (PLUNC, developed at the University of North Carolina) to generate dose and anatomical data files, and a home-developed program to read dose and anatomical data files from PLUNC and write the MILP data files in the format of MPS. The detailed procedure to solve the optimization problem can be described as follows:
( • . For non-coplanar beam arrangements, there will be 432 combinations of gantry angles and couch angles. For each combination, we check whether the beam orientation causes a collision problem or the beam directly irradiates any OAR with quite low tolerance (e.g., eyes). If true, we discard the combination, otherwise, we accept it. For each feasible beam orientation, four nominal wedged beams are automatically set up. The nominal wedged beams have the same energy, aperture, weight and wedge angle. The beam weights are set to unity, and the wedge angles are set to 60
• . The only difference among the four beams is that the wedge orientations are set to 'LEFT', 'RIGHT', 'IN' and 'OUT', respectively. (2) Use the PLUNC treatment planning system to calculate the dose distribution for each nominal wedged beam with unity weight. The doses at all grid points are automatically saved in a data file. When the dose grid size is 5 mm, it takes about 3 min to prepare the data files for a pool of 36 coplanar beam orientations, and about 25 min for a pool of 270 non-coplanar beam orientations. (3) Prepare an MILP data file with a home-developed program. The program completes the task in four steps: (a) reads dose and anatomical data files from the PLUNC system; (b) searches all grid points in the target and in the OARs as dose constraint points by judging whether a grid point is inside an anatomical structure; (c) sets up the objective function and constraints represented by equations (8)- (12) by following clinical prescriptions, and sets the penalty factors in equation (8) 
Results
To test the performance of the proposed algorithm, we applied it to some clinical cases. Here we describe the results of two such cases: prostate and brain. For each case, two plans were designed through optimization with the same dose prescriptions, but with different ways of determining beam orientations. For the first plan, the beam orientations were manually selected according to recommendations in published works while the beam weights were optimized by formulating the optimization problem as a problem of linear programming (LP). For the second plan, both beam orientations and beam weights were optimized with the proposed algorithm, which formulates the optimization problem as an MILP problem. The two treatment plans were referred to as 'standard' and 'MILP' respectively. By comparing the 'MILP' plan with the 'standard' plan, we may see how much improvement optimization of beam orientations may make. For all plans of both cases, the beam energy was set to 6 MV (Primus, Siemens Medical System Co), and the beam aperture was shaped with a multileaf collimator, and conformed to the planning target volume with a margin of 7 mm to account for beam penumbra. All data files for MILP or LP problems were prepared with the home-developed program and then solved with GLPK on a PC with a Pentium IV 2.4 GHz processor. 
Case 1: prostate
Two plans with coplanar beams were designed for a patient with prostate cancer. The patient was laid in the supine position. The planning criteria specified a prescribed dose of 68 Gy to the target with a minimum dose 64.6 Gy (i.e. 95% of the prescribed dose) and a maximum dose 71.4 Gy (i.e. 105% of the prescribed dose). The maximum doses to the rectum and bladder were set to 69 Gy and those to femoral heads were set to 40 Gy. The penalty factor for the rectum was empirically set to 50 and those for the femoral heads were set to 10. For the standard plan, the beam orientations proposed by Bedford et al (1999) and Khoo et al (2003) were adopted. The gantry angles, which represent beam orientations, were 35
• , 90
• , 270
• and 325
• , respectively. For each beam orientation, four nominal wedged beams were set up according to the work of Dai et al (2000) . An LP problem with 16 continuous variables was solved to determine the beam weights.
For the MILP plan, the pool of feasible orientations was composed of 36 beam orientations that were 0
• , 10 • , . . . , 350
• in steps of 10
• . The standard plan had four coplanar beam orientations, so the maximum allowed number of beam orientations for the MILP plan was set to 4. An MILP problem with 36 binary variables and 144 continuous variables was solved to determine the final beam orientations and the beam weights. It took 42 min for GLPK to solve this problem. Table 1 lists the beam parameters for the standard plan and table 2 lists the beam parameters for the MILP plan. Figure 1 shows the dose-volume histograms of the target and OARs for the two plans. Figure 2 shows the dose distribution on the transverse slice through the isocentre for the MILP plan. Compared with the standard plan, the MILP plan has a more uniform dose distribution in the target; the percentage volume of the rectum receiving an intermediate dose decreased and the volume receiving a high dose was almost the same as that for the standard plan. The DVH of the bladder was almost uninfluenced by the beam orientation optimization. The maximum dose and mean dose to the left femoral head significantly decreased from 33.1 to 25.2 Gy, and from 22.6 to 9.8 Gy, respectively. The maximum dose and mean dose to the right femoral head slightly decreased from 33.1 to 32.5 Gy, and from 22.2 to 21.6 Gy, respectively. Obviously, there was a significant improvement in sparing of the left femoral head but almost no improvement in sparing of the right femoral head. This was the result of different beam arrangements of the standard plan and the MILP plan. The beam arrangement of the standard plan was symmetric with both lateral beams while that of the MILP plan was asymmetric with only one right lateral beam. When we increased the number of beam orientations from four to six, the optimized beam arrangement became symmetric and the sparing of both femoral heads was almost the same. Clearly, the most suitable number of beam orientations for a conformal treatment plan should be further investigated.
Case 2: brain
A treatment plan using six non-coplanar beams was designed for a patient with brain cancer. The patient was laid in the prone position. The pool of feasible beam orientations was prepared with the consideration that patient-gantry collision should be avoided and eyes should be totally blocked from the primary radiation. The total number of feasible orientations was 270. The planning criteria specified a prescribed dose of 50.4 Gy to the target with a minimum dose of 49.4 Gy (i.e. 98% of the prescribed dose) and a maximum dose of 52.9 Gy (i.e. 105% of the prescribed dose). Critical normal structures include spinal cord (<45 Gy), hypothalamus (<30 Gy) and right and left temporal lobes (<50.4 Gy). Because the right and left temporal lobes touched the target, the maximum doses to the temporal lobes were defined as the same as the prescribed target dose. The penalty factors of normal structures in equation (8) were set to 4 for the temporal lobes, and 1 for the spinal cord and the hypothalamus. For the standard treatment plan, six beam orientations were manually selected based on the work of Perks et al (1999) , and minor adjustments were made to avoid direct irradiation of the eyes. For each beam orientation, four nominal wedged beams were set up in accordance with the work of Dai et al (2000) . An LP problem with 24 continuous variables was solved to determine the beam weights for all 24 nominal wedged beams.
For the MILP plan, the pool of feasible orientations was composed of 270 beam orientations. Since the standard plan had six non-coplanar beam orientations, the maximum allowed number of beam orientations was set to 6. An MILP problem with 270 binary variables and 1080 continuous variables was solved to determine the final beam orientations and the beam weights. It took 53 min for GLPK to solve this problem. Table 3 lists the beam parameters for the standard plan and table 4 lists the beam parameters for the MILP plan. Figure 3 shows the dose-volume histograms of the target and OARs for the two plans. Figure 4 shows the dose distribution on the transverse slice through the isocentre for the MILP plan. As shown in figure 3 , the maximum dose to the spinal cord was reduced from 30.8 to 29.1 Gy. For both temporal lobes, the volume receiving intermediate and high doses was decreased remarkably. The DVHs of the target and other OARs were almost uninfluenced by the beam orientation optimization.
Discussion and conclusions
As described in sections 3.1 and 3.2, the results of the beam orientation optimization in the two cases are quite different. For the brain, significant improvements have been achieved, and the cord and the temporal lobes were spared more effectively as a result of beam orientation optimization. For the prostate, beam orientation optimization brought about only marginal improvement of dose distributions. The dose to the left femoral head was significantly decreased; but the volume of the right femoral head receiving high dose was just slightly decreased. The clinical significance of these improvements may not be great. To obtain improvements of clinical significance for the prostate, an increase in the number of beam orientations from four to six seems to be a solution, from our experience. The optimization algorithm does not include the dose-volume constraints in its framework. But we must point out that MILP allows for a straightforward and rigorous implementation of the dose-volume constraints (Langer et al 1989 , Morrill et al 1991 , Bednarz et al 2002 . Implementation of dose-volume constraints in MILP may result in thousands of binary variables in the optimization problem. The time required to solve the optimization problem of thousands of integer variables may exceed the clinically acceptable range. This is why we do not implement dose-volume constraints in the optimization algorithm. Although this algorithm does not include dose-volume constraints directly, the DVHs of OARs can be adjusted with the penalty factors of OARs in equation (8).
The treatment planning time, including the time for preparing data files and the optimization time, is another important issue of the proposed algorithm. As described in section 2.2, the time for preparing data files is proportional to the number of beam orientations. It is about 3 min for coplanar beam arrangements, and 25 min for non-coplanar beam arrangements. This can be reduced by automatically setting up beam orientations. The optimization time is the dominant part of the treatment planning time. It increases with the number of integer variables in the problem, and is affected by the strictness of the constraints. It may be reduced through relaxation of constraints and by using more efficient commercial software (e.g., CPLEX of ILOG Inc.).
The optimization algorithm proposed here can also be used to optimize beam orientations and intensity maps for intensity-modulated radiation therapy (IMRT). The number of feasible beam orientations in IMRT will be slightly more than that in conformal radiotherapy, because there is no need to avoid the sensitive structures with low radiation tolerance in choosing feasible beam orientations. The number of continuous variables will be greater in IMRT than in conformal radiotherapy as a result of varied intensity across the beam aperture. In addition, the number of constraint points in the target or an OAR should be increased in order to obtain accurate dose-volume information. All these changes mean a more complex MILP problem. After all, it is the number of integer variables that dominates the complexity of the MILP problem. We expect that the proposed algorithm may be applicable to IMRT. This expectation will be tested in our future work.
In conclusion, a novel algorithm is proposed for optimizing beam orientations and beam weights in conformal radiotherapy. It models the optimization problem as a mixed integer programming problem. Clinical tests show that it takes less than 1 h for free software GLPK to solve such problems. With this algorithm, the process of trial and error to obtain an acceptable configuration of beam orientations may be avoided. Therefore, it is a useful tool of treatment planning for conformal radiotherapy.
